11 knacc
11.1 Yncno 890 obnagaeT Takum CBOMCTBOM: U3MeHMB nobyto ero undpy Ha 1 (yBenuums unu
YMEHbLLMB), MOXHO NOSTy4YMTb YuCIIO, KpaTHoe 11. Hanante HanmeHblLlee TpexaHayHoe Yncno,
obnapatoLlee TakMM e CBONCTBOM.

OtBeT: 120.

PeweHune. Tak kak nNpu ykasaHHOM U3MEHeHUW nocriegHen undpbl AOSHKHO NONYYNTbCSA
4yucno, gensauweecs Ha 11, TO ICKOMOE YUCIIO OOSMKHO OTNMYaTLCA OT Hero Ha 1. HaumeHbLuee
TpexaHayHoe uucno, kpatHoe 11, ato 110. Ho cocegHue ¢ Hum yucna 109 n 111 Tpebyembim
CBOMCTBOM He obnapgatoT. [JencTBMTENLbHO, ecnu nameHunTb B Yncne 109 BTopyto undpy Ha 1,
TO MOXHO Nony4nTb Tornbko 119, a 310 yncno Ha 11 He genutcsa. Ecnu nameHnts B Yncne 111
nepsylo LUNdpyY Ha 1, TO MOXHO NONYYUTb TONbKO 211, a 31O Yncno Ha 11 He genuTcA.

Cnepywoulee TpexsHayHoe yucro, gensuweecda Ha 11, ato 121. PaccmoTtpum vncno 120.
N3 Hero MOXHO nonyyuTb uYucna, kpatHole 11, B cooTBeTcTBUM C ycrnioBuem. VI3MeHEHHble
yucna 121, 110, 220 kpaTHb! 11.

Kputepum NnpoBeEpPKM.

«+» [lpusedeHo rnorHoe obocHOBaHHOe peweHuUe

«t»llpusedeHo obocHoegaHHoe peweHue ¢ omeemom 111, MmO ecmb WKOMbHUK cYesl, 4Ymo
rnepsas yugpa yucna moxem bbimb Hyném (rnonyvyaemcsi 08y3Ha4yHoOe Yucrio).

«F» [lpusedeH morsibko g8epHbil omeem (120 unu 111), mo ecmb He 060CHO8aHO, 4YMO 3MO
4ucrio HauMeHbwee

«—» 3adaya He peweHa unu peweHa He8epHO

11.2. N3BecTHO, 4TO ab < 0. [JokaxuTte, yto a’ +b? +c? > 2ab+2bc + 2ca.

PeweHue. [epBbin cnocob. N3 ycnosus 3agadn crnegyet, 4to yucna a4 u b umeroT
pasHble 3Haku. B cuny cuMmmeTpum MOXHO cuuTaTb, 4To 4> 0, 6< 0. 3ameTum, yto npu c=0
HepaBeHCTBO, 04eBUAHO, BbiNonHsaeTca (a # b). [Nyctb ¢>0, Toraa bc<0 n gokasbiBaeMoe

HepaBeHCTBO PaBHOCUMBbHO BEPHOMY HepaBeHCTBY (a—¢)° + 47 > 0> 2ab+2bc. AHANOMMYHo,
ecnm ¢<0, Toraa ac<0 1 JoKa3biBaeMOe HepaBeHCTBO PaBHOCUIIbHO BEPHOMY HEpPaBeHCTBY
(b—0)?* +a%>0>2ab+2ac.

BTtopoi cnoco6. Paccmotpum 1 npeobpasyem pasHOCTb: a’ + b + ¢ —2ab—2bc—2ac =
F-2da+b)+(a+bh)’—4ab = (c—(a+b)) —4ab > 0, Tak kak ab<0. CrnenoBaTenbHo,
a?+Db?+c? > 2ab+2bc+2ca.

TpeTtun cnocob. [lokasbiBaemMoe  HEpPaBEeHCTBO  PaBHOCUIbHO  HEpPaBEHCTBY
¢’ - 2(a+ b)c +a’+b*>-2ab>0. Jleeas yacTb 9TOro HepaBeHCTBA — KBaApaTHbIN TPEXUNeH

OTHOCUTESNIbHO nepeMeHHon c¢: Ero crapwwmn koadpbpuuneHT pasBeH 1, «BeTBU»
cooTBeTCTBYylOWEN napabonbl  HanpaBneHbl  BBEpPX.  YMNPOLLEHHbI  OUCKPUMUHAHT

D o
e (a+bf’ —(a—b)’ =4ab<0. CnepmoBaTenbHo, 3TOT KBaApaTHbI TpexdneH MpuHUMaeT

TONbKO MOMOXNTENbLHbLIE PELLEHNS, YTO N TpeboBanocs.
Kpntepum NnpoBepKu.
«+» [lpusedeHo rorHoe obocHOBaHHOEe peweHuUe
«x» [pusedeHO s8epHoe 8 uesioM paccyxoeHue, codepxawee He3HadYumersibHble rnpobersibl unu
Hemoy4yHocmu (Harnpumep, rpu rnepgom criocobe peweHust He paccMompeH crydau ¢ = 0)
«—» 3adaya He peweHa unu peweHa He8epHO

sin xcos y'=sin z,

11.3. PewuTte cuctemy ypaBHEHWIA { , €CNu Y1cna X, y U Z nexar Ha oTpe3ke

COS Xsin y=Cc0sz

-
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PeweHune. [lepBbin cnocob. Bossegem o6a ypaBHeHuss B kBagpaTt. [lonyyum:
sin? xcos® y =sin’ z,

o , Cnoxum ypaBHEHMS: sin® xcos® y+cos’ xsin® y=1 <
cos® xsin® y = cos’ z '
HJ 2 2 HJ HJ 2
sin® xcos® y+cos’ xsin® y=sin® x+cos® x.

Tak kak sin’xcos®y<sin®x n cos’xsin®y <cos’ X, TO MOMy4eHHOE PaBEHCTBO MOXET

BbINOMHATLCA TOMbKO TOrAa, KOraa B KaXKOOM U3 MCMONb30BaHHbIX HEPaBEHCTB A0CTUraeTcs
pPaBEHCTBO.
Takum 06pa3om, oCTanocb pacCMOTPETb YETbIPE Cryyas:

1) cos’y=1 u siny=1, 4YTO HEBO3MOXHO, TaK KaK MPOTUBOPEUYUT OCHOBHOMY

TPUrOHOMETPUYECKOMY TOXOECTBY.

2) cos’y=0 un sin®y =0, 4To TaKKe HEBO3MOXHO MO TEM e COOBPaKEHNSAM.

3) cos’y=1msin*y=0, torga siny=0, cosz=0, sin®x=1, To ecTb cosXx=0. YunTbiBas, 4To
T

3HaYeHUs BCeX NepeMeHHbIX nexar Ha oTpeske [0; ] NONyYnM: x_ . y=0; z= 5

4) cos’y=0 u siny=1, Toraa cosy =0,sinz=0, cos’x=1, To €cTb sinx =0. YunTbIBas, 4to

T T
3HayYeHus BCeX NepeMeHHbIX nexart Ha otpeske [O; E]’ nonydynm: x=0; y= E; z=0.

MoacTaBMB HaWAEHHblE pELLEHUS B UCXOOHYK CcuUCTeMy, ybexapaemcsi, 4YTO OHM
YOOBETBOPSIOT YCIOBULO.
Btopoit _cnoco6. [louyneHHO cknagbiBas WM BblMUTAst YPaBHEHUSI CUCTEMbI, MOMYyYUM

. T
sin(x+ y) = sin z+ cos 7 - Sm(Xer):‘/ECOS(Z_Z '
sin(x—y)zsinz—cosz sin(x—y):\/Esin(z—%j

KBapaT KaXaoe YpaBHEHWE W CMOXUM WX. YUWUTbiBasi OCHOBHOE TPUIOHOMETPUYECKOe
TOXOECTBO, MOMyYUM CreacTBue: sinz(x+ﬁ+sin2(x—ﬂ=2. Tak Kak sinz(x+y)£1 "

PaBHOCWUIbHYIO CUCTEMY: . Bossegem B

sin?( x+ —1
sin ( )&<1 TO 2( )3
sin (X y)
Tak kak 0 < x % nocx< y_%,TOOSX+yS7ZM—§SX—yS%.y‘-IVITbIBaFISTVI
X+ y:E, T 0,
HepaBeHCTBa, MONy4YnMm: 27[ o {XF 27 unu _ 7. loacTtaBmB MoOMyYeHHble
X—y=t y=0 =3

v
3Ha4YeHnd B UICXOA4HYHKO CUCTEMY, NMOJTY4YUM, HYTO Z= E unm z=0 COOTBETCTBEHHO.

Kputepum NnpoBeEpPKM.
«+» [lpusedeHo nornHoe o60CHOBaHHOE peuwleHuUe
«+» [pusedeHo sepHoe 8 UerioM paccyxoeHue, cooepxauwee He3HadumersibHble rnpobesnbl unu
Hemoy4yHocmu (Harnpumep, rnpu peweHuuU rnepebiM crocobomM omcymcecmaeyem yrnoMuHaHue o
rnpoesepke)
«F» YkasaH eepHbIli omeem u rpoe8epeHo, 4mo oH ydoeriemeopsiem yCcrio8uro
«+» lpucymecmeyem sepHas udesi peweHusi, kKomopasi He dogedeHa 00 KOHUa unu dosedeHa
c owubkamu
«—» [lpueedeH mosribko omeem
«—» 3adaya He peweHa usnu peuweHa He8epHoO




11.4. YetblpéxyronbHuk ABCD BnnvcaH B OKpyxHoCcTb, BC = CD, AC=c¢, ZBAD=2«.
Hangute nnowaab 3TOro YeTblpEXYronbHUKa.

OTBeT. ¢’ sinacosa .

PeweHue. Tak kak paBHbl xopAbl BC U CD, TO paBHbl oyrn BC U
CD, He cogepxawme Touky A. CnegosatenbHo, L BAC= /DAC= «.

MepBbii _cnocob. lycte ZABC =, <ZADC=y. [lepenoxum
TpeyronbHUK ABC Tak, 4Tobbl COBMECTUNUCH paBHble OTPE3KM BC U
CD, npu 3TOM To4dka A nepenget B Touky E (cm. puc. 11.4a). Tak kak
YeTblpexyronbHUK ABCD — BNucaHHbIA, TO S+ y =180°, 3HaA4NT, TOYKK
A, D v E nexat Ha ogHOW NpsiMON.

Torpa nnowagb 4YeTbIpEXyronibHUKA ABCD paBHa nnowaam
TpeyronbHuka ACE. B TpeyronbHuke ACE: AC=CE W LA=/E=a,
Torga LACE =180° - 2«.

A

1 1
CrienoBatentHo, Sy, = Sy =5 AC” sin(180° - 2a) = 5 ¢ sin2a =

c’sinacosa .
BTopown cnocob. U3 TpeyronbHmukoB ABC n ADC no TeopemMe KOCUHYCOB:
BC* = AB*+ AC* —2AB-ACcosa. u CD?* = AD* + AC* -2AD-ACcosa . Tak kak BC= CD, TO
AB? + AC? —2AB-ACcosa = AD?* + AC? —2AD-ACcosa < AB* - AD* =2AC-(AB- AD)cosc .
Ecnn AB+# AD, TO U3 nony4eHHoro paseHcTtsa cnegyet, 4to AB+ AD = 2ACcosa.. Torga

Sasep = Samse T S aapc :%AB~ACsina+%AD~ACsina =

1
EAC(AB+ AD)sina = ¢*sinacosa.

Ecnun xe AB= AD, 10 TpeyronbHukn ABC v ADC paBHbl. Cymma
yrnoB ABC n ADC pasHa 180°, 3HauuT, Kaxgbl N3 3TUX YrroB — NPAMOK
(AC - pwameTp okpyxHoctu). Torapa AB= AD=c-cosa, TO €CTb

1
- — 2 -
S sco =2-50003a~csma = ¢"sinacosa. s

PaseHcmeo AB+ AD =2ACC0Sa. MOXHO roJlydumb UHa4e, ecsiu 80Cr0/1b308ambCs
¢opmynot  Apxumeda. [lycmb 6buccekmpuca enucaHHoeo yena BAD nepecekaem

AD + AB

OKpy>XHOCmMb 8 moyke C, K — rpoekuyuss moyku C Ha npsmyto AB. Toeda AK = — (cm.
puc. 11.46). Tenepb U3 nNpPsIMOy20/1bHO20 MpeyaosibHUKa AKC rosy4um, Yymo AK= ACcosa. .
Tpetuii cnocob. MNycTb Todka £ nexuT Ha okpyxHocTu n DE || AC (cm. puc. 11.4B). Torga
ACDE - BnucaHHasa paBHo6eapeHHasa Tpaneums.
3ametum, 410 S, =S, (Y 9TUX TPEyronbHMKOB paBHbI

OCHOBaHUSA 1 BbICOThI). Toraa S,;.p = S,asc + Sacon = Samse T Sanec = Sagce-

Tak kKak AE= CD= BC, T0 AECB — BNucaHHasi paBHobefpeHHas Tpaneums.
Tornpa BE = AC, a yron BFC mexgy HUMW paBeH ronycymme
MeHbLNX Ayr BC N AE, TO €CTb paBeH 2. .

1 , _ - .
CnenosaTenbHo, Suc, = Supce = AC’sin2a = ¢’ sinacosa .
Kputepum NnpoBepKu.

«+» [NpusedeHo rnosHoe obocHosaHHoe peweHue (hopmyrny Apxumeda MOXHO UCMOb308amb
6e3 dokazameriscmea)
«x» [pusedeHO s8epHoe 8 uesioM paccyxoeHue, codepxawee He3HadumersibHble rnpobersibl unu
Hemoy4yHocmu (Harnpumep, rnpu emopom criocobe peweHusi He paccmompeH criydau AB = AD)
«¥» lpucymcmeytom eepHble udeu peweHusi, Ho 00 KOHYa OHO He 008e0eHO

3



«—» PaccMompeH mosibKo YyacmHbIl cry4qad
«—» [lpugedeH moribko omeem
«—» 3alaya He peweHa unu peweHa He8epHO

11.5. KneTyaTyto 4OCKY pa3mepoM 7x7 CKneunu, ncnonb3ys ourypkm ]

Tpex BMOoB (CM. PUCYHOK), He obGs3aTenbHo Bce. CKOMbKO MOrno |
ObITb NCNOMBb30BaHO (PUTYPOK, COCTABIIEHHbIX N3 YETbIPEX KITETOK?
OTBeT: TONLKO OAHAa.
PeweHue. [lokaxeM, YTO MOXET OblTb MCMONb30BaHa TONbKO
ofHa durypka u3 yeTblpex KreTok. Packpacum KneTkn AOCKM Tak, Kak

nokasaHo Ha puc. 11.5a: Kaxgas n3 gaHHbIX Urypok MOXeT NoKpbITh
He Oonee OQHOW 3aKpalleHHOW KMeTKu, crnefoBaTenbHO, Urypok
JOJTKHO ObITb HE MeHbLUE, YeM 16.

Tak kak 16 TpexxkneTouvHbIX PUrypoK MOKpbIBalOT 48 KIeToK, TO
ogHa Takas dwurypka w3 4eTblpex KneTok JormkHa ObiTb
ncnonb3oBaHa. BonbLie OZIHON ncnonb3oBaTb Henb3s.
OencTButensHo, NyCcTb MCMOMb30BaHO XOTA Bbl ABE (PUrYpKM U3 YeTbipex KNeTok,
Torga octanbHble 14 pUrypok — TpexkreToyHble. Bmecte oHu 3anmyT 2-4 + 14.3 =
50 kneToK, YTO NpeBbILaeT pasmMepbl AOCKN.

MpuMep OOCKKU, COCTaBIEHHOM N3 OAHON YEeTbIPEXKIIETOHYHON \—‘
duUrypkmn n naTHaguaTN TPEXKNETOUHbIX — CM. puc. 11.56. 11

Cywecmeyrom u Opyaue rnpumepbl. VX MOXHO Mosy4ums,
8bidesiue Ha OoCKe 7 MpsIMOy20/IbHUKO8 pa3mepoM 3x2, Kaxobll u3 J
Komopsbix pa3busaemcss Ha 08a mMpex4ysiemoYHbIX Yyeosika, a 8
ocmasuwyrcs 4yacmb O0OCKU roMecmumb OOHY MPEXKIemOoYHyo U
O00HY YembIpeXKemoYHy huaypKu.

Kputepum NnpoBEpPKM.
«+» [lpusedeHo rorHoe obocHOBaHHOEe peweHuUe
«t» [lokazaHo, ymo c¢puayp He MeHbwe, Y4eM 16 U yKka3zaH epHbI omeem, HO rpumep
omcymcmeyem
«F» [lpusedeHbl MOsIbKO 8epPHbIU omeem u 8epHbIU rnpumep
«—» [lpueedeH mosibko omeem
«—» 3alaya He peweHa unu peweHa He8epHO
11.6. Oan TeTpasagp ABCD, BCe rpaHu KOTOPOro ABNAKTCSA MOAOOHBIMW MPSIMOYrOfbHbIMU
TpeyroribHMKaMuM C OCTPbIMU yriamu npu BepwmHax A u B. Pebpo AB pasHo 1. Hamgute
ANMHY HanMeHbLuero pebpa TeTpasgpa.

Eon
2 J '

OtBerT: (

PeweHwue. lNyctb Z/CBD =a, ZCDB =4, a+=90" (cm.
puc. 11.6a). Y npsimoyronbHbIX TpeyronbHukos DBC wn ABC
obuwasn ctopoHa BC. Ecnu ZABC =« , TO TpeyronbHukn ABC u
DBC paBHbl, Torga CD = AC, 4TO HEBO3MOXHO, TaK Kak AC —
rMMNOTEeHy3a NPSAMOYrofibHOro TpeyrosfibHuka ACD.

CnepoBaTtenbHo, LABC=B, ZBAC=oa. Tak kak BAC -
yron mexagy npsmon AB W Nnockoctbio ACD, 70 a<f. Torga c
n3 TpeyronbHMka ABC: BC<AC, a w3 DBC: BC>CD,
cneposaTenbHO, CD< BC< AC.

MokaxkeMm, YTO CD — HauMeHbllee pebpo TeTpasgpa. Ons
3TOro goKaxem, 4Yto CD< AD. Paccmotpum TpeyronbHukn ABC u ACD. Tak kak AB = 1, TO
AC =cosa. Ecnu /BAD=a, TOAD=cosa, T0 ectb AD= AC, HO, Ha camMoM pJerne,
AC > AD.




CnepoBaTersbHo, /BAD = g, ZABD = «, Torga AD =cos f;
CD =BDcos 2 = ABcosa cos 3 = cosa cos . Taknm obpasom, CD< AD.
N3 AACD: CD< AD w a<p. CneposatenbHo, ZCAD=«a. N3 AABC u AABD:

AD = ACcosa = ABcos’ a. 3 AABD AD= ABcosp . Monyunm ypaBHeHue: cos = cos’ a .
Tak kak a+=90°, T0 cosf =sina. Toraa nonyvYeHHoe ypaBHeHuEe MpuUMeT BUA:
sina =1-sin’ o . BBeas o6osHaveHue sing = t, rae 0< t<1, Nony4Mm KBagpaTHOE ypaBHeHue

1 -1 _ J5-1
t? +t—1=0, KOPHU KOTOPOrO t, :1TJ§<O nt, :+T\/g, 0<t, <1. 3HauuT, sina =,
Tak kak cos 3 =sina, To CD =cosacosf = cosasina. Kpome Toro, sina =cos’ a, yron «o
3
N . ~1)?
— OCTPbIN, 3HA4UT, +/Sina = cosa . Taknm obpasom, CD = (\ETJ
[ns psida ebiducneHull (Harnpumep, 4mobbl 8bISCHUMb

pacriofioxXeHue [7I0OCKUX yaroe rnpu eepuwuHe A) MOXHO
80Cr10/Ib308ambCsi ¢popMmyrnol mpex KocuHycos. [lycmb
npsimasi BC neprieHOuKynspHa riockocmu ACD, /BAC = «,
/CAD=p, ZBAD=g¢ (cm. puc 11.66). Toeda
COS¢@ = COS COS 3.

Tempaadp, ornucaHHbIi 8  ycroeuu  3adauyl,
cywecmeyem. Omo crniedyem, Harpumep, U3 mo20, 4mo

N5-1 A2 3

5 <7:sm45 , TO eCTb AeUCTBUTENbHO o < f.

Ob6ocHosbIBamb 3mMo om y4auwuxcsi He mpebyemcs.
Kpntepum NnpoBepKu.

«+» [lpusedeHo rorHoe obocHoOBaHHOe peweHuUe

«x» [pusedeHO s8epHoe 8 uesioM paccyxoeHue, codepxxawee He3HadumersibHble rnpobersibl unu

HemoyHocmu

«+» O60CHOBaHO pacrosioXeHuUe MI0CKUX yarose o U B, 060cHo8aHO, Ymo CD — HauMeHbuee

pebpo, 8epHO rosy4eHo keadpamHoe ypasHeHue, HO Oariee OoryuwleHa eblduciiumersibHas

owubka

«F» [IpusedeHbl MOJILKO 8bl4UCIIEHUSI U [10Jly4eH 8epHbIl omeem, HO 060CHO8aHUs

omcymcmeyom

«—» [lpueedeH mosribko omeem

«—» 3adaya He peweHa unu peweHa He8epHO

sina =




